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Abstract

For a non-trivial Abelian group V, under multiplication a graph G issaid to be V,-
magic graph if there exist a labeling g of the edges of G with non-zero elements of

1]
V, such that the vertex labeling g* defined as g*(v) = g(uv) taken over all edges

uv incident at v is a constant.
u

If g*(v) = g(uv) is constant for all vertices except for one or
u

atmost two vertices v € V, then the labeling is called Proximal V,-magic
labeling. The graph which admits Proximal V,-magic labeling is calledas
Proximal V,;-magic graph.

In this paper Proximal V,-magic labeling for some special graphsand cycle

related graphs are investigated.
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1 Introduction

Laid Foundation by Euler in the 18th century. Graph Theory grew wider by
Sedlack, Kong, Lee and Sun. Sedlack introduced Magic labeling, Bloom and
Golomb connected graph labeling to a wide range of applicationsuch as coding
theory, communication design, Radar, circuit design, Astronomy, Network and
X-ray crystallography.
For a non-trivial Abelian group V, under multiplication a graph G
is said to be V,-magic graph if there exist a labeling g of the edges of G with non-zero
elements of V, such that the vertex labeling g* defined as g*(v) = g(uv) taken

over all edges uv incident at v is a constant.
u

If g*(v) = g(uv) is constant for all vertices except for one or
u

atmost two vertices v € V, then the labeling is called Proximal V,-magic

labeling. The graph which admits Proximal V,-magic labeling is calledas
Proximal V,;-magic graph.
In this paper Proximal V,-magic labeling for some special graphsand cycle

related graphs are investigated.
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2 Preliminaries

Definition 2.1 (Bistar)
B, . is the graph obtained by joining the central (apex) vertex of twocopies of

K., by an edge.

Definition 2.2 (Palm Tree)
A path of length t atached to the centre vertex of a star graph K, , iscalled

Palm Tree graph. It is denoted by PT(n, t). It has (n + t) edges.

Definition 2.3 (Umbrella)
The graph obtained by attaching one end vertex of a path P, to the centre

vertex of the Wheel or Cone W, is called Umbrella graph and it denoted by U (n,

m),n>=3,mz=>= 2.

Definition 2.4 (Pedestal Fan Graph)
Let F, be a fan and P,, be a path. The graph obtained by attaching the path to the
center vertex u of the fan by an edge is called Pedestal Fan and denoted by PF

(n, m).
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3 Main Results

Proximal V,;-magic labeling for Special Graphs

Definition 3.1 For a non-trivial Abelian group V, under multiplicationa graph
G is said to be V,-magic graph if there exist a labeling g of the edges of G with
non-zero elements of V, such that the vertex labeling g* defined as g*(v) =
g(uv) taken over all edges uv incident at v is a

u

constant.

If g*(v) = g(uv) is constant for all vertices except for one or
u

atmost two vertices v € V, then the labeling is called Proximal V,-magiclabeling.

The graph which admits Proximal V,-magic labeling is called

as Proximal V,-magic graph.

Theorem 3.2

For n = 3, P, becomes a Proximal V,-magic graph

Proof.

Let G be a path graph P, n > 3.

Let V (G) ={v,/1 < p < n} be the vertex set of G

Let E(G) = {vpV,s1/1 < p < n — 1} be the edge set of G

Define a mapping g : E(G) — V, — {1} such that the edge labels are

g(vpVpr) = 1,1 <p=<n-1
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which induces g* : V(G) — V, such that

g*(vi) = =1 g*(v,) = -1
g*(vp)) =12 <p=<n-1
Except the first vertex and last vertex, every other vertex get the constant

1. Hence P, becomes a Proximal V,-magic graph forn > 3

Illustration 3.3

. R | 1 -1 -1
> »> *> * * >
V1 Vo V3 Va Vs Ve V7 Vg Vg
Figure 1: Pq
Theorem 3.4

P, ©® Ky,the comb graph is Proximal V, for n > 2.

Proof.

Let G be a comb graph P, ® K, n = 2

Let V(G) ={vy/1 < p < n} U {u/1 < p < n} be the vertex set of G Let E(G) =
{Vovpi/1 < p <n—1} U {v,u,/1 < p < n} be the edge setof G

Define a mapping g : E(G) — V, — {1} such that the edge labels are

g(Vpvpu) = —1;1 <p<n-1
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glvpup) = =11 <p <n

which induces g* : V(G) — V, such that

g*(vy) =1

g*(vy) =1

g(v,) = —L,2<p<n-1

g*(up))=—-1,1<p=<n

All the vertex except v, an v, get the constant -1.

Thus the comb graph satisfies the Proximal V,-magic graph labeling andbecomes

a Proximal V,-magic graph.

Illustration 3.5

Vi v Y Vg
, -1 A R
-1 -1 -1 -1 -1
b b b b b
u, u, us Uag 5 u
Figure 2: Ps © K3
Theorem 3.6

P, ® mK, , the comb graph is Proximal V,-magic graph for m &€ N.

Proof.

let Gbea P, OmK,mé&N
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Let V(G) ={v,/1 < p < n} U{u,/1 < p <n,1<q < m} be the vertexset of G

Let £(G) ={v,vps/1 < p < ntU{vu,/1 < p <n,1 <q < m} be theedge set
of G

Define a mapping g : E(G) — V, — {1} such that the edge labels are

g(vpVpu) = —1;1 <p<n-1

g(vpupsg) = —1;1 < p < n, 1 < g < mwhich induces g* : V(G) — V, such thatwhen
m is odd,

g*(vp)=1forp=1,ng*(v,)=—-1,2<p<n-1

g*¥(Upg) = —1,1<p=<nl<qg=<m

when m is even,

g*(v,) = —1forp=1ng*(v,)=1,2<p<n-1

g*(Upg) = —1,1<p=<nl<qg=<m

Thus in both cases except v, an v, all other vertices get the same constantnumber
either 1 or -1.

Thus G satisfies the Proximal V,-magic graph labeling and P, ©® mK;

becomes a Proximal V,-magic graph.
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Illustration 3.7

Figure 3: P5 O] 5K1

Theorem 3.8

Ky, is Proximal V, if and only if n #m+1, m € N.

Proof.

Letn#4m+1, m € N.

Let G be the star graph K, ,

Let V (G) ={u, v,/1 < p < n} be the vertex set of GLet E(G) = {uv,/1 < p < n}
be the edge set of G

Define a mapping g : E(G) — V, — {1} such that the edge labels are

g(uvy) =i;1 < p < nandn#4m + 1, m € Nwhich induces g* : V(G) — V, such
that

g*(v,) =i, 1 < p < n and g*(u) gets different values other than all othervertices.
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Hence G becomes a Proximal V,;-magic graph by satisfying the Proximal
V,-magic graph labeling.
Conversely, let K; , be a proximal V,-magic graph.Let n=4m +1, m € N.

By giving suitable edge labels to K, ,, all the vertices {u, v,/1 < p < n}
get the same constant.
K1, becomes a V,-magic graph, which is a contradiction to our assumption

that K, , is a proximal V,-magic graph. Hencen # 4m+1,m € N.

Thus K , is Proximal V4 if and only ifn 4m+1, m € N.

Hlustration 3.9 Ky s (ie) Ky 4(1)+1 is not proximal V.

Vi

Figure 4:

K110 is proximal V,-magic graph.
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Vi

Figure 5: K1,10

Theorem 3.10

Bistar graph B, , is a Proximal V,-magic graph for any n.

Proof.

Let G be a Bistar graph B,,,n € N

Let V(G) ={u, u, v, vo,/1 < p < n} be the vertex set of GLet E(G) = {uv, uu,,
w,/1 < p < n} be the edge set of G

Define a mapping g : E(G) — V, — {1} such that the edge labels are

g(uv) =i

gluuy) = —1;1 <p <ng(w,) = —1,1<p=<n

which induces g* : V(G) — V, such that

all the vertices except u, v get the same vertex labeling.
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Thus G satisfies the Proximal V,-magic graph labeling. Hence Bistargraph B, ,

is @ Proximal V,-magic graph for all n.

Illustration 3.11

Ug

us

Us

Figure 6: Bg g

Theorem 3.12

Palm Tree PT (n, m) is a Proximal V,-magic graph for any n,m & N.
Proof.

Let G be PT(n,m),n,m & N

Let V(G) ={v,, v, u,/1 < p < n,1 <q < m} be the vertex set of G

Let E(G) = {wv,, vuy, Ugus/1 < p < n,2 < q < m — 1} be the edge setof G.

Define a mapping g : E(G) — V, — {1} such that the edge labels are
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glvw,) = —1;1 < p < ng(vu,) =i

glugugu) =2 <g<m-1
which induces g* : V(G) — V, such that
when all the vertices except v and u,, get the same vertex labeling. Thus G

satisfies the Proximal V,-magic graph labeling. Hence Palm TreePT (n, m) is a

Proximal V,-magic graph for all n,m & N.

Illustration 3.13

Vg

Figure 7: PT (4, 4)
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V2

Vi

Figure 8: PT (7,9)
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Proximal V,-Magic Labeling for Cycle Related Graphs

Theorem 3.14

Umbrella graph U(m, n) is a Proximal V,-magic graph.

Proof.

Let G be an Umbrella graph U(m, n), for any m,n € N

Let V(G) ={u, vy/1 < p <m,1 < g < n} be the vertex set of G

Let E(G) = {uplpy, viup/1 < p <m — 1} U {vv,/1 < g < n — 1} bethe edge
set of G.

[um+1 = U1]

Define a mapping g : E(G) — V, — {1} such that the edge labels are

g(vpVp) = =11 < p <m—1g(uplp) =i; 1 <p=m-—1g(viup) = —1;,1 <p <
m
g(Vgvge1) = —1;,1 < g <n

which induces g* : V (G) — V, such that the vertices v; and v, get the different
vertex labels, when m is even. And only v, get different label when m is odd and all
the other vertices gets the same vertex labels.

Hence U(m, n) becomes a Proximal V,-magic graph.

Illustration 3.15 U(6, 5)
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Figure 9: U(6, 5)
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Figure 10: U(11,6)
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Remark 3.16

Umbrella graph U(m, n) becomes a Hefty V,-magic graph, when m is odd.

Theorem 3.17

Pedestal Fan graph PF(m, n) is a Proximal V,-magic graph for m >

3,n > 2.

Proof.

Let G be Pedestal Fan graph PF(m,n),m = 3,n = 2.

Let V(G) ={u, u, v/1 < p <m,1 < q < n} be the vertex set of G

Let E(G) = {uuy/1 < p < m}U{u,u,/1 < p <m— 1} U {uvs} U

{vvgs1/1 < g < n} be the edge set of G

Define a mapping g : E(G) — V, — {1} such that the edge labels are

g(uui) = gluup)) = —igluuy) = —1;2<p=m-—-1g(Uplps1)=i;1<p=m-—1
g(vgvga) = —1;1 < g < n—1g(uvy) = —1

which induces g* : V(G) — V, such that

When m is odd, only one vertex v,, get the different label and all othervertices
have the same labels.

When m is even, two vertices u, v,, get different vertex label and all the
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other vertices get the constant vertex label.
Thus Pedestal Fan PF(m, n) satisfies Proximal V,-magic graph labelingand

becomes a Proximal V,-magic graph for m > 3,n > 2.

Illustration 3.18

Figure 11: PF (5, 6)

Figure 12: PF (6, 5)

Theorem 3.19
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Kite graph (n, t) is a Proximal V,-magic graph for n > 3 and t > 1.

Proof.

Let G be Kite graph (n,t),n = 3 and t > 1. Let V(G) ={v/1 < p <

n} U {uy/1 < g < t} be the vertex set of G

Let £(G) ={v,vp:i/1 < p < n} U {vaus} U {ugu/1 < g < t — 1} bethe edge

set of G

[Vhi1 = vi]

Define a mapping g : E(G) — V, — {1} such that the edge labels are
g(w,) = —1;1 < p < ng(viu;) = —1

glugug) = —1;1 < g =<'t

which induces g* : V(G) — V, such that

except v; and u;, all the other vertices get the same constant 1.
Thus Kite graph (n, t) becomes Proximal graph by satisfying the conditionof

Proximal V,-magic graph labeling.

[llustration 3.20 (7, 5)
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Figure 13:

Illustration 3.21 (10, 6)

V3
-1
V>
-1
Ve -1 -1 1 -1 -1
1 L ] L I [ B ]
U-7 u» us Uag Us Ue
-1
V7
Figure 14:

Observation 3.22

Whether G is a Hefty V,-magic graph or V,-magic graph, G ® P, is aProximal

V,-magic graph.

Theorem 3.23
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[Pn; C,] graph is a Proximal V,-magic graph for any m > 2, n > 3.

Proof.

IA

Let G be a [P,;C,] graph, m = 2,n = 3 Let V(G) = {v,,/1 < p
m, 1 < g < n} be the vertex set of G
Let E(G) ={VpgVpir,o/1 < p <m—1,9g =1} U{vyVps /1 <p <m,1 <

g < n} be the edge set of G.

[Vpn+1 = Vpl]

Define a mapping g : E(G) — V, — {1} such that the edge labels are

g(VpgVpsr,g) = —1;1 < p<m-—-1landg=1

g(VpgVpg+1) = b1 < p <mand 1 <qg <n

which induces g* : V(G) — V, such that except vy; and v,,; all the othervertices
get the same constant -1.

Thus [P,,; C,] graph becomes a Proximal V,-magic graph by satisfyingthe

condition of Proximal V,-magic graph labeling.

Illustration 3.24 [P5; C4]
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Va1 1

V3g

Vis

V33

Figure 15: [P3; C4)

llustration 3.25 [P,; Cs]

Figure 16: [P4; Cs)

Theorem 3.26

[P ;C" is a Proximal V -magic graph forn =2, m > 3 and t > 1.
n m 4

Proof.

Let G be a [P,,;C(t)] graphpn > 2, m >3 and t > 1.

Let n be odd or even
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Case 1 Let both m and t be odd
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Let V(G)={up/1SpSn}U{v(t)/1$pp<£ nl<g<m-1landt=>1}

be the vertex set of G

Let E(G) ={uu /1 <p<n—-1}u{ Vv N <p<ml<gc=<
p p+1l bPq  pg+1

m-—2t>1}u{uv?%1 <p<nt=1}ufu! /1<p<nt=1}
pl p(m—1)

be the edge set of G. Define a mapping g : E(G) — V, — {1} such thatthe edge
labels are
g(uplp) = —1L;1<p=<n-1
guv) =i 1, p<nt=1
(t) .
prdEil<p<nt=>1

g(v(t)v(t) )=—i1<p<nl<qg<m-2qgisodd, t>1
bq " pg+1

g(v(t)v(t) )=—i,1<p<nl<g<m-—2qgiseven t>1
bq " pg+1

which induces g* : V(G) — V, such that

g*(u,) =1 and g*(u,) = 1And all the other vertices

g*(up)=—1,2 < p < n— 1Hence G becomes a Proximal

V,-magic graph.
Case 2 Let both m and t be even.

Let V(G)={up/1SpSn}U{v(t)/1Sppq£ nl<g<m-1landt=>1}

be the vertex set of G

IA

Let E(G) ={uu /1 <p<n-1}u{y'WV? 1 <p <nm1
p p+1l Pq  pg+1

qg =
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m—-2t=>1u{uv?%1 <p<nt=1}ufuv? /Z1<p<nt=1}
pl p(m—1)

be the edge set of G.

Define a mapping g : E(G) — V, — {1} such that the edge labels are
gluptp) = —L,;1 <p=<n-1
guv?) =i 1, p<nt=1

(t) .

prdhs —1<p<nt=>1

g(v(t)v(t) )=—i,1<p<nl<qg<m-2qgisodd, t>1
bq " pg+1

g(v(t)v(t) )=i,1<p<nl<qg<m-2qiseven, t>1
bq " pg+1

which induces g* : V(G) — V, such that

g*(uq) = —1 and g*(u,) = —1And all the other vertices

g*(up) =1,2 < p < n— 1Hence G becomes a Proximal V,-

magic graph.
Case 3 Let m be odd and t be even.

Let V(G)={up/1SpSn}U{v(t)/1$pp<£ nl<g<m-1landt=>1}

be the vertex set of G

IA

Let E(G)={uu /1 <p<n-1}u{y'WV 1 <p <nm1
p p+l Pq  pg+1

qg =

m-—2;t > 1}U{upv(t)/1 <p=<ntz=> 1}U{upv(t) /1<p=<nt=>1}
pl p(m—1)

be the edge set of G.

Define a mapping g : E(G) — V, — {1} such that the edge labels are
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gluptp) = —1L;1 <p=<n-1
guv?) =i 1, p<nt=1

t
I(,(Z,,Q(H)V:i,1§p3n,t21
W@ )=—1<p<n2<g<m-—2qgisodd, t>1

g ( VPCI qu+1

g(v(t)v(t) )=i1<p<n2<qg<m-2qgiseven, t>1
bq “pg+1

which induces g* : V(G) — V, such that

g*(uq) = —1 and g*(u,) = —1And all the other vertices

g*(u,) =1,2 < p < n— 1Hence G becomes a Proximal V,-

magic graph.
Case 4 Let m be even and t be odd

Let V(G)={up/1SpSn}U{v(t)/1$pp<£ nl<g<m-1landt=>1}

be the vertex set of G

IA

Let E(G) ={uu /1 <p=<n-1}Uu{V N1 <p<n1
p p+1l Pq  pg+1

qg =

m-—2t=> 1}U{upv(t)/1 <p<nt=> 1}U{upv(t) /1<p=<nt=>1}
pl p(m—1)

be the edge set of G.

Define a mapping g : E(G) — V, — {1} such that the edge labels are
glupp) = L1 <p=<n-1

gluv)=il,gp<nt=1

t
F(,(z,,q(ﬂ,)v: —,1<p=<nt=>1
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g(v(t)v(t) )=—i,1<p<n2<qg<m-—2qisodd, t>1
Pq “pg+1

Wt )=il<p<n2<qg<m-—2qgiseven t>1
which induces g* : V(G) — V, such that

g*(uq) = —1 and g*(u,) = —1And all the other vertices

g*(up)=1,2<p=<n-1

Hence G becomes a Proximal V,;-magic graph.

Thus from all the four cases [P ; C"] is a Proximal V -magic graph is
n m 4

proved

Illustration 3.27

1 1
(1) y (1) (1)

(1) (1) (1)
11 _i \51 v

31 - 32 a

us

(2) i (2)
1 v 12 )
21

Figure 17: [Py; C?)]
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(1)
@ v Vo

(1)
11

(2)
11 v

(2) (2) (2)
12 v 2 v 2 v v fé)

Figure 18: [Pg; C(Z)]

Figure 19: [Ps; C*']
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Remark 3.28

If all the edges of [P,; C"] are labelled with -1, then again [P,,;C(t)] m

becomes a Proximal V,-magic graph.

Theorem 3.29

Dumbell graph DB, is a Proximal V,-magic graph for n = 3.

Proof.

Let G be a Dumbell DB,, n = 3

Let V(G) ={uy/1 < p < n} U {v,/1 < p < n} be the vertex set of G Let E(G)

{uupi/1 < p < n}U{vv,, 1 < p < n} U {uvi} be theedge set of G.
[Une1 = U1; Vpia = Vil

Define a mapping g : E(G) — V, — {1} such that the edge labels are

gluptp) =i; 1 < p=<ng(vpyvpu)=i;1 < p=<ngluvy) =i

which induces g* : V(G) — V, such that

g*(u1) = —i, g*(v1) = —j,

g*(up) = g*(vp) = =12 <p=<n

Hence DB, becomes a Proximal V,-magic graph as it satifies Proximal

V,-magic graph labeling.
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Illustration 3.30

v -
Uy | | 3]
|
Us i V2
i
| V1
Ue
; |
|
I u 3 4 8
Figure 20:

Observation 3.31 G; and G, be any two Hefty V,-magic graph by joining G; and

G, by an edge the resulting graph becomes a Proximal V,-magic graph.

Illustration 3.32

Figure 21:
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